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Abstract 

We derive some 1-D symmetry and uniqueness or non-existence results 
for nonnegative solutions of 



—div (A(x)Vu) = u — g(x) 
u = 



m 



in low dimension, under suitable assumptions on A and g. Our method is 
based upon a combination of Fourier series and Liouville theorems. 

Keywords: 1-D symmetry for elliptic problems; uniqueness for elliptic prob- 
lems; Liouville theorems; Fourier series. 



1 Introduction 

This paper concerns symmetry and uniqueness or non-existence of nonnegative 
solutions to problems of type 



-div (A(x)Vu) = u - g(x) in 
u = on dWl 



(1) 



1 



in low dimension; here div (A(x)V) is an elliptic operator (not necessarily uni- 
formly elliptic). As far as g is concerned, we will see that the existence and the 
properties of nonnegative solutions to (1) depend strongly on it. With this in 
mind, we will start considering as model problem 



In section 2, we will prove the following statement. 

Theorem 1.1. Let N — 2 or 3. If u 6 C 2 (W+) solves problem (2) and 



VM > 3C{M) > : < u{x) < C(M) Va; e R^" 1 x [0,M], (3) 



This is a result of uniqueness and of 1-D symmetry, i.e. the (unique) solution of 
(2) is a function depending only on xn. Note that assumption (3) means that 
u is nonnegative and bounded in every strip of type R^ -1 x [0, M], 
Unfortunately, we will see that the assumption "N = 2 or 3" is substantial for 
our proof. However, we can still say something for the model problem in higher 
dimension. This will be the object of subsection 2.1. 

As far as the generalization towards problem (1) is concerned, we will see in 
section 3, Theorem 3.2, that the presence of div (A(x)V) instead of the laplacian 
does not affect the previous result, under suitable assumptions on A. 
A further natural generalization of problem (2) consists in introducing a g de- 
pending only on ccjv instead of the constant function 1: 



In this setting, Theorem 4.7 is the counterpart of Theorem 1.1; as an immediate 
corollary we have 

Corollary 1.2. Let N = 2 or 3. Under suitable assumptions on A and on g, 
if u G C 2 (K + ) solves (4) and satisfies (3), then u is uniquely determined and 
depends only on xn . 

Finally, always in section 4, we will show how to use the method developed 
in the previous sections in order to deal with a wider class of inhomogeneous 
terms (depending also on x'), obtaining sharp results for some particular cases; 
for instance, we will see that if g = g{x') and there exists a solution u of (1) 
satisfying (3), then g has to be constant. 

The interest in the model problem comes from Berestycki, Caffarelli and 
Nirenberg: in [1] they proved that a positive and bounded solution to (2) does 





then 



u(x', x n) = 1 — cos xn- 




(4) 
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not exist when N < 3. Their result fits in a wider study of 1-D symmetry and 
monotonicity for positive and bounded solutions to 



with / Lipschitz continuous. If N > 2 and /(0) > 0, then a positive and 
bounded solution is strictly increasing in the xjy variable (see [1, 3]). Further- 
more, always in [1], if N < 3, / € C X (R) and /(0) > 0, they showed that a 
positive and bounded solution depends only on one variable (1-D symmetry). 
Another contribution, contained in [1], is that the monotonicity and the 1-D 
symmetry hold true for N = 2 without any restriction on the sign of /(0). The 
proofs of the quoted results are based on the moving planes method and on 
a previous result in [2], where it is shown that if it is a positive and bounded 
solution of (5) and 



then u is symmetric and monotone, and f(M) = 0. We point out that our 
results are not included in the existing literature, because we are considering 
nonnegative and not necessarily bounded solutions, and because in general we 
are interested in the case /(0) < 0. In such a situation the moving planes method 
gives just partial results, as shown by Dancer [4], We emphasize the fact that 
the difference between positive and nonnegative is substantial for /(0) < 0, 
since in this case natural solutions are nonnegative and non-monotone, and a 
positive solution does not necessarily exists; this is clearly the case of the model 
problem (2). For all these reasons, our approach is different and it is based upon 
a combination of Fourier series and Liouville theorems. 

To complete the essential bibliography for this kind of problems, we mention 
also the work [6] , where symmetry and monotonicity are obtained under weaker 
regularity assumptions on /, and an extension in dimension 4 and 5 is given for 
a wide class of nonlinearities. 

Notation. We will consider problems in the half space := R^ -1 x (0, +oo). 
As usual, we will denote by (x',Xn) a point of R+. 

The symbols V, div' or A' will be used respectively for the gradient, the diver- 
gence or the laplacian in K.^ -1 . 

The notation Uj will be used to indicate the partial derivative of u with respect 
to the Xj variable. For any x £ M. N , for any R > 0, we will write Br(x) to 
indicate the ball of centre x and radius R. If x = 0, we will simply write Br. 
For any A C Mr , \A will denote the characteristic function of A. 
We will use the notation (•, •) for the usual scalar product in any euclidean space. 
Given a real valued function v, we denote its positive part as v + . 




Au = f(u) in 
= on OR 



(5) 



f(M) < where M = sup u(x), 

lei" 
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2 The model problem 

In this section we consider problem (2): 



pJV 



I —Am = u — 1 in 
\u = ondR^. 

We aim at proving Theorem 1.1. 

Remark 1. Assumption (3) says that u is nonnegative in the whole and 
bounded in every strip of type M. N_1 x [0, M] (but with arbitrary growth in 
the xjv-direction). Assumption (3) is obviously satisfied if u is nonnegative and 
bounded. Actually it is sufficient to assume that u is nonnegative and Vm is 
bounded, in order to ensure (3). Indeed for every M > we have 

\u(x',xn)\ = \u(x',xn) — u(x',0)\ < sup Vw(x',£)|xat 

«e[o,z N ] 

< HViillooM = C{M) V{x',x N ) G R N ^ x [0,M]. 

In particular we recover the non-existence result of Berestycki, Caffarelli and 
Nircnberg. 

First we focus on the problem (2) in the strip E = f"" 1 x [0,2-ir], N > 2. 
For every x' £ R^ -1 , we denote by u(x' , ■) the 27r-periodic extension of xm h y 
u(x' ', xjsr). In view of the smoothness of u, it follows that the Fourier expansion 
of xn >— > u(x' , xn), i.e. 



— 9 h X! cos ( mx iv) + b m (x') sin (mx N )) , 



(6) 



where 



a m (x') := — / u(x\ x n) cos {mx n) dx n Vm > 0, 



o 



2tt 



b m (x') := — I u(x' ,xn) sin (uixn) dxN Vm > 1, 



(7) 



is convergent. 

Now we determine the equations satisfied by the coefficients above. 
Lemma 2.1. Let N > 2. For any m > I we have 

A'a m (x') = (m 2 - l)a m (x') + - (u N {x',0) - u N (x', 2tt)) (8) 

7T 

A'b m (x') = (m 2 - 1)M*') + -u(x', 2tt). (9) 
A'ao(x') = 2 - aofa;') + - (u N (x',0) - ttjvfa', 2tt)) . 

7T 



4 



Proof. For any m > 1 we have 

Aa m (x) = — I Au(x , xjv) cos (ttixn) dxN 

3 

,-2ti 



I" JO 



(1 — tt(:r', a; at) — unn{x' , a; at)) cos (ma; at) dxN 



2;r 



(u(a;', xjy) + UATAr(a;',a;Ar)) cos (ma; at) dxN- 







Integrating by parts twice the last term we obtain 

A'a m (x') = / (u(x , xn) cos (tuxn) + mu]sr(x , xn) sin (mxjv)) dxN 



- - [un{x', x n ) cos (mx N )fj T 

7T 

TO 2 - 1 f 27T 

u(x', xn) cos (ttixn) dxN 



II 



(wjv(a;',27r) - u N (x',0)) . 



which is equation (8). 

With the same procedure we can find equation (9): for any m > 1 
1 f 2n 

A'b m (x') =— / A'u(x', xn) sin (wixn) dxN 



(1 — u{x' , xn) — unn(x' , a; at)) sin (uixn) dxN 

(—u(x', xn) sin (ma; at) + mUN{x , xn) cos (ma; at)) da; at 







7T 







m 2 -l '** 



u{x' , a; at) sin (ma; at) <ia:Ar 



+ — a; at) cos {mx N )fj q . 

7T 



As far as ao is concerned, we have 



2jv 



A'ciq(x') — — I A' u{x' , x n) dx n 



ii 



2tt 

(1 — u(x , xn) — unn(x', xn)) dxN 



II 



1 f 21T 1 

= 2 / u(x' , x n) dx n H — (un(x', 0) — un{x' , 27r)) . □ 

Lemma 2.2. 5om b\ and a\ are constant; moreover, 

u(x',2tt) = 0, u n (x',0) = and u N (x',2n) = Q Vi' £ K^" 1 . 



Proof. Using (9) with to — 1 we have 

A'bx(x') = -u(x',2w) > 0. 

Therefore, thanks to (3), b\ is a subharmonic and bounded function in IR™ -1 
with N — 2 or 3; the Liouville theorem for subharmonic functions implies that 
it is constant, so that in particular A'b\ = 0, i.e. u{x' , 2tt) = for every 
x' G R N -\ 

Note that, since u > and u(x',2ir) = 0, each (x',2ir) is a point of minimum 
for u; consequently un{x' ,2tt) = 0, and this makes possible to prove that also 
ai is constant: indeed 

A'ai(x') = -u N (x',0). 

Since u(x', 0) = and u > in E, it follows that ujv(^',0) > for every 
x' G R^ -1 . Hence a\ is a subharmonic and bounded function in K or R 2 , and 
has has to be constant. It follows in particular that un(x' , 0) = in □ 

An important consequence of the previous Lemma is that the equations for 
a m and b m simplify as 

A'a m {x') = (to 2 - l)a m {x) Vto > 2 (10) 
A'b m {x') = (m 2 - l)b m {x') Vm > 2. (11) 

Hence, for to > 2, a m and b rn satisfy an equation of type 

- A'v(x') + Xv(x') = inlR^- 1 , (12) 

with A > 0. We point out that both a rn and b m are bounded in absolute value 
in S (this follows from assumption (3)). 

Bounded solutions of (12) has to vanish identically. This is an immediate con- 
sequence of the following general result. 

Lemma 2.3. Assume N > 2 and let v G C 2 (R Af_1 ) be a subsolution of 

- A'v(x') + c(x')v{x') < ml™" 1 , (13) 
with c(x') > A > in R N ~ X . 

If v + has at most algebraic growth at infinity, then v < in I* -1 , 

For the proof, it will be useful the following Lemma. 

Lemma 2.4. Let ■& > 0, 7 > 0, be such that $ < 2~ 7 . Let R > 0, C > and 
I : (i?o, +00) — > [0, +00) be such that 

U{R)<dI{2R) Vi?>i? 
\l{R)<CK< Vi?>i? - 

Then I(R) = for every R > Rq . 
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Proof. Iterating the first one of (14) we obtain, for every JieN, 

I(R) < d k I{2 k R) VR > Rq. 

Now the second one gives 

I(R) < C {$2~<) k R 1 VR > Rq, Vfe e N. 

Since < ??2 7 < 1, letting fc-)oowe obtain I(R) < for R > Rq. □ 

Proof of Lemma 2.3. We introduce a C°° cut-off function <p : [0, +oo) — > R such 
that 

V(t) = i te[o,i] 

(p(t) = te[2,+oo) 

o<p(t)<i te(i,2). 

We set, for every R > 0, <p R {x') := tp(\x'\/R), which is defined on K.^ -1 . Hence 

v '^'> - ^ (it) ■ 

In particular 

|VVfl(x')l < ^XB 2R (x') (15) 

where C is a constant independent of R. 
Testing (13) with v + ip 2 R we get 

_ t (| W| 2 + A (,+) 2 ) V % < jf ^ (|V',+ | 2 + c («+) 2 ) ^ 

<-2/ v + VR (V'v + ,V'<p R ) <2 ( v + tp R \(Vv+, V<p R )\. (16) 

We can use the Cauchy-Schwarz and the Young inequalities: for every e > 
there exists C e > such that 

2 / u+<^ |(V'u+,VVfl>| < 2 / w+VkIV'w+UVVhI 

<2 £ / V 2 R \Vv+\ 2 + 2C e ( (v+) 2 \V m \ 2 . 
Coming back to (16), we obtain 

/ ((1 - 2 £ )|V,+ | 2 + A (v+) 2 ) <p R < 2C £ [ (v+f | WhI 2 - 
Choosing e < 1/2 and using the (15), we deduce 



Also, since v + has at most algebraic growth at infinity, we have for any R > 1 

/ (v+f <C'R N+2k 

JBr 

for some k > 0, C > independent of R. 
We are in position to apply Lemma 2.4, with 

I(R) := [ (v+) 2 . 

JBr 

Here 7 = N + 2k; note that there exists R > 1 such that < 2~ N ~ 2k for 
every R> Rq. We set $ = jj^- and we apply Lemma 2.4 to obtain 

/ (v + ) 2 = VR> R ^v+ = 0. □ 



Conclusion of the proof of Theorem 1.1. Applying Lemma 2.3 to equations (10) 
and (11), we have that the Fourier coefficients a m and b m are identically for 
any m > 2. Hence, the Fourier series (6) is reduced to 

ao(x') , 

— ^ h ai cos Xn + Oi sm xjv (17) 

and, for every x S S, it is equal to u{x). 
The initial condition u(x',0) = reads 

ao(x') 

— h ai = =>■ ao is constant, equal to — 2ai. 

We also proved that un{x' , 0) = 0, which implies 61 = 0. 

Plugging the expression of u inside the equation — Au = u — 1 we obtain 

—a% cosxjv + — + cli cosxn — 1 = => ao = 2, 

and hence di = — 1. 

We proved that if u € C 2 (M. + ) is a solution of (2) satisfying (3) then u(x', xn) = 

1 - cosx N in E = R^" 1 x [0,2tt]. 

To extend the result in the whole we set 

Ui(a/, xjv) := u(x' ,xn + 2w). 

It is straightforward to check that vi is a nonnegative solution of (2) and satisfies 
(3), so that it has to coincide with 1 — cos a; at in E; this means that u{x' ', xjy) — 
1 — cosxat for (x',xn) 6 R^ -1 x [0,47r]. The thesis follows by iteration of this 
argument. □ 
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2.1 The model problem in higher dimension 

In our proof it was crucial the possibility of applying the Liouville Theorem 
for subharmonic functions, which holds only in R and R 2 . Therefore, despite 
the fact that our statement seems to be natural in any dimension, we cannot 
prove it. However, it is still possible to collect some properties of any solution 
of problem (2) satisfying (3) for N > 4. 

We can focus again on the problem in the strip E, developing u (or, better, its 
27r-periodic extension u in the xn variable) in formal Fourier series with respect 
to xn- Note that Lemma 2.1 still holds true. Now, in our analysis the key 
properties of the solutions was 

u(ir',27r)=0 and u N (x',0) = kl"" 1 . (18) 

In this way, equations (8) and (9) are considerably simplified, since all the 
boundary terms have to vanish identically. This permits to get Theorem 1.1. 

Proposition 2.5. Let N > 2. Let u £ C 2 (R^) be a solution of problem (2) 
which satisfies (3). Let a m and b m its formal Fourier coefficients, defined by 
(7). Assume (18) holds true. Then 

u(x , xn) = 1 — cos x n • 

Proof. Under assumption (18), equations (8) and (9) are reduced to 

A'a m (x') — (m 2 — l)a m (x') Mm > 1 
A'b m {x') = (m 2 - l)b m {x') Vra > 1 

(note that un(x',2tt) = since u(x',2w) = and u > 0). Hence, Lemma 2.3 
implies that a m = = b m for every m > 2, while from the classical Liouville 
theorem for harmonic function it follows that a\ and b\ are constant, so that 

. , . ao(x') , . . 

u(x,Xn) — — ^ ^ Gl C0SX N + b\ smxN m L. 

Now we can conclude as in the proof of Theorem 1.1. □ 

Also if we cannot prove (18), it is possible to deduce something for the formal 
Fourier coefficients. 

Proposition 2.6. Let N > 2. Let u £ C 2 (M^) be a solution of problem (2) 
which satisfies (3). Let a rn and b m its formal Fourier coefficients, defined by 
(7). Then 

(i) b m < for every m>2. 

fii) — > — for every n > m > 2. 

(Hi) for every m > 2, either b m < or b m = in R w_1 . 
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Proof, (i) For every to > 2 we have 

- A'b m (x') + (to 2 - l)b rn {x') = -—u(x', 2tt) < 0. (19) 

7T 

From Lemma 2.3, which holds true in any dimension, we deduce that 

b m < Vto > 2. (20) 

(ii) For m > 2, let us divide equation (9) by to: 

A'6 m (z') rr^-l 1 

= o m (x ) H — u(ai , 2ttJ. 

mm 7r 

If n > m > 2 

A , / M^') &n(^) \ | , 2 ^fb m (x') b n (x') 



12 2\ b m { x ) ^ „ 

= m — m l < 0, 

m 

thanks to the fact that b m < 0. Again, by means of Lemma 2.3, we get 

. b m 

— > — V n > m > z. 

n to 

(m) if there exists x' S R w_1 such that b m (x') — 0, the strong maximum 
principle implies b m = 0. □ 

It is particularly interesting to observe that, if we know that one b m vanishes 
in one point of ffi.^ -1 , then we can recover Theorem 1.1. 

Corollary 2.7. Let N > 2. Let u e C 2 (!+ ) be a solution of problem (2) 
satisfying (3). Let a m and b m its formal Fourier coefficients, defined by (7). 
// there exist to > 2 and x' G R w_1 such that b m (x') = 0, then u(x',xn) = 
1 — cos xn ■ 

Proof. By point (Hi) of the previous Proposition we know that bm = 0. 
Hence, from (9) for to we get 



u(x',2w) = 



m 



«N-1 



As a consequence 

-A'b m (x') + (to 2 - l)b m (x') =0 Vm > 1, 

which implies through Lemma 2.3 that b m = for every m > 2; also, b\ turns 
out to be a bounded harmonic function on the whole so that it has to be 

constant. Now we show that b\ = 0. Note that 

( >\ +'°° 

u(x , xn) — bi sm% = — h a m( x ) cos(mx N ); 

m—0 
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hence, w(x',xn) — u(x',xn) — b± sinxjv is an even 27r-periodic function in the 
Xn variable. Since we are assuming u G C 2 (R + ) and u(x! ', 2ir) = 0, the function 
w is continuous on the whole R, and has continuous derivative with respect to 
Xn, except at most in (x',0 + 2kn), with k G Z. However, the right and left 
derivatives in these points exist, and in particular 

Wn(x', 2ir~) = um{x' , 2ir~) — &i = —bi. 

By periodicity and oddness of wn it results 

h = w N (x',0 + ) = u N (x',0 + ) -h = u N (x',0) -bi=> u N (x',0) = 2b x . 

Note that un(x',0) is constant. Now, plugging this expression in equation (8) 
with to = 1 we obtain 

A' ai (0 = — A' (axtx') - ^) = : 

7T \ 7T / 

the function ai(x') — b\x\/'K is harmonic in the whole and has at most 
algebraic growth with rate 2 (since a\ is bounded): therefore, the Liouville 
Theorem implies that 

a l (x')= b -^ + P(x'), 

IT 

where P is a harmonic polynomial. To sum up, a\ is a bounded polynomial, 
thus it is constant, which in turns gives A'ai = 0, i.e. b± = and finally 
Un(x', 0) = 0. The thesis follows now from Proposition 2.5. □ 



3 More general operators 

In this section we generalize the approach adopted for the model problem to 
a more general family of elliptic equations (not necessarily uniformly elliptic) 
obtained by substituting the laplacian with a class of operators in divergence 
form. To be precise, let A(x') be a N x N matrix of type 

A(x') = ( J), (21) 

where A(x') is a (N — 1) x (N — 1) symmetric and real matrix with entries 
(Hj G C 1 (R^- 1 ) n L°° (l^- 1 ), such that 

AT-l 

Va;' GR Ar " 1 ,VCGK Ar - 1 \{0}: ^ a t] {x')^ 3 > 0. (22) 

Of course, if N = 2 then A(x') is a scalar positive function. 
For the reader's convenience, we recall the following generalization of the clas- 
sical Liouville theorem, see [5]. 
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Theorem 3.1. Let q > and B(x) = (bij(x)) be a symmetric real matrix, 
whose entries are L°° (K 2 ) functions satisfying: 

2 

for a.e. i'el 2 ,V(el 2 \ {0} : ^ b i:i (x%^ > 0. 

Let v € -ff/ oc (K 2 ) &e a distribution solution of 

-div (B(x')Vv) + q {(B{x')Vv, Vv)) > in M 2 
v(x') > -C a.e. mR 2 , 

for some positive constant C . Then v is a constant function. 

Remark 2. It is not difficult to pass from the two dimensional case to the 
scalar case: it is sufficient to consider a solution of an ODE as a solution of the 
corresponding PDE. 

These results enable us to try to use the arguments of section 2 for the study 

of 

-div (A(xWu) = u - 1 inM^ 

+ „ (23 
u = Q ondlE^. 

Note that, due to the particular form of A (cfr. equation (21)), it is reasonable 
to think that (23) inherits the structure of the model problem solved in the 
previous section. It is also immediate to check that the function 1 — cos xn is, 
again, a nonnegative solution of (23) satisfying (3). We plan to prove that it is 
also unique in this class for N = 2 and 3. 

Theorem 3.2. Let N — 2 or 3. Let A(x') be a N x N matrix of type (21), 
where A(x') is a (N — 1) x (N — 1) symmetric and real matrix with entries 
(Hj £ C 1 (R N - 1 ) n L°° (R"- 1 ), and such that (22) holds true. If u G C 2 (M+) 
solves (23) and satisfies (3), then 

u(x', Xn) = 1 — cos x n . 

We can follow the proof of Theorem 1.1. Again, S = JR^ 1 x (0, 2w). For every 
x' e R N - 1 , we denote by u(x', ■) the 2-7r-periodic extension of xn >->• u(x', xn)- 
As for the model problem, from the smoothness of u it follows that the Fourier 
expansion of xn | — > u(x',xn) is convergent: 

ao(x') + °° 

u(x', xn) = — 2 ^ ( am ( x ') cos ( mx N) + b m (x') sin (mx N )) , 

m— 1 

where a m and b m are defined by (7). 

With a slightly modification of the proof of Lemma 2.1, we obtain 
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Lemma 3.3. Let N > 2. For any to > 1 we have 

div' [a{x')V a m (x')^j = (m 2 - l)a m (x') + - (u N (x', 0) - u N (x', 2vr)) (24) 
div' (A{x')V'b m {x')) = (to 2 - l)b m {x') + -u(x', 2tt). (25) 

^4 /so, 

diu' (l(x') V'ao(x')) = 2 - a (x') + i (^(x', 0) - ujv^', 2tt)) . (26) 

Proof. For any m > 1 we have 

1 /" 27r 

dw' (2(x')V'a m (x')) = - / dit/ (l(x')V' u(x', xn)J cos (ijixn) dxfq. (27) 



Since a^jv = ajvj = for any i,j ^ N, we have 

2V-1 /iV-l 



div 



iv' (A(x')'V'u(x' ,x N )J = dj | aij(x')uj(x' ,xn) 



i=i \ 3 =i 

N / N 



= y^ J dj y^ y ajj(x')uj(x',x N ) - u N ff(x',x N ) 

= 1 - u(x', Xat) - U NN (x', Xat). 

(28) 

Hence equation (27) becomes 

div' ^A(x')V'a m (x')^j = — J (1 — u(x' , x N ) — u NN (x', x^)) cos (mx N ) dx N . 

Now, as usual, we can integrate by parts twice the last term and pass to 

div' (A(x')V' a m (x')^J = (to 2 — \)a m (x) H (un(x' , 0) — ujy(x' , 2tt)) , 

which is (24). The same procedure gives (25) and (26). □ 
Lemma 3.4. Both b\ and a\ are constant. Moreover, 

u(x',2n)=0, u n (x',2tt)=0 and u N (x',0)=0 Vx' e i^ 1 . 
Proof. In light of the previous Lemma, we have 

div' (2(a/)V'&i(a;')) = -u(x',2n) > 0; 

the function bi is bounded (since u satisfies (3)), and since N = 2 or 3 we are 
in position to apply Theorem 3.1: 



b\ = const. =>■ u(x',2w) — irdiv' ^v4(x')V'&i(x')^ 



= 0. 
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Note that now uj\r(x' ,2w) = 0, since (x',2tt) is a point of minimum of u for 
every x' £ Therefore, equation (24) becomes 

div' ^A(a;')V'oi(x')) = -u N (x',0) > 0; 
this means that a\ satisfies the assumptions of Theorem 3.1: 

ai = const. => u N (x',0) = irdiv' ( A{x')W' ai(x')\ =0. □ 
As a consequence, the equations for a m and b m simplify: 

div' (iV'M^)) = (™ 2 - l)&m(x') Vra > 2 (29) 
eftu' (lVa m (i:')j = (to 2 - l)a m (ir/) Vto > 2. (30) 

In this way, we proved that for any m > 2 both the coefficients a m and 6 m are 
bounded solution of an equation of type 

- div' (A(x')V'v(x')] + \v(x') =0 in l^ 1 , (31) 

with A > 0. In analogy with the model problem, we state the following result. 
Lemma 3.5. Assume N > 2 and let v £ C 2 (IR^ -1 ) a subsolution of 

-div' (a(x')Vv(x')) + c(x')v(x') < in R w_1 

with c(x') > A > 0. Here A(x') is an (N — 1) x (N — 1) matrix with entries 

in L 00 ^" 1 ) and such that (22) holds true. 

If v + has at most algebraic growth at infinity, then v < 0. 

Proof. For any R > 0, let <p R be as in the proof of Lemma 2.3. Recall the (15): 

\Vip R (x')\ < ^ X b 2R (x'). 
Let us test equation (31) with v + ip R : 

((A(x')Vv + , Vv+) + c(x') (w+) 2 ) ip 2 R 

v + VR {A{x')Vv,V<p R ). (32) 

-1 

Under our assumptions on A, for almost every x 1 £ R^ -1 the function 
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defines a bilinear symmetric positive definite form, so that in particular the 
Cauchy-Schwarz inequality holds true. Hence, using also the Young inequality, 
we can control the right hand side: for any e > there exists C e > such that 



v + cp R (A(x')Vv + ,V<p R ) < 2 / v+tpR (A(x')Vv + ,Vip R ) 



<2e VR (A(x')Vv+,Vv+)+2C e (v+Y (A(x')V'<p R , V'<p R ). 

Coming back to equation (32), using also the fact that c(x') > A, we find 
((1 - 2s) (A(x')V'v + , V'v + ) + A (v+) 2 ) <p R 

<2C E [ (v + ) 2 (A&)V<pr,V<Pr). 
Choosing e < 1/2, using the assumptions of A and the estimate (15), we deduce 

(» + ) 2 <^( ("*)'■ 



■in. 



Also, since v + has at most algebraic growth, we have 

/ {v+f < C'R N+2k . 
We can apply Lemma 2.4 again, to find 

(v + ) 2 = Vi? > Rq sufficiently large, 



which implies v + = 0. □ 

Conclusion of the proof of Theorem 3.2. The previous Lemma implies that 
a m = and b m = for every m > 2. Therefore, a solution u of (23) which 
satisfies (3) has the following expansion in S: 

/ / \ o, (x r ) 
u(x , a; at) = — h a\ cosxn + 0\ sinijv, 

which is exactly (17). Moreover, we showed that 

u(x',0)=0 and u N {x',0) = Vi'eK^ 1 , 
hence we can repeat step by step the conclusion of the proof of Theorem 1.1. □ 



15 



4 More general problems 



In this section we apply the previous method to study and classify solutions of 

j -div (A(x')Vu) = u- g{x',x N ) in 

[u = on <9R^, 

satisfying (3), when N = 2 or 3. The situation here is much more involved 
than the one in the previous sections. Indeed, we have to face the occurrence 
of various phenomena such as: non-existence of solutions and/or the existence 
and the multiplicity of solutions. Moreover, a solution might not be a function 
of the xn variable only (in fact, if g depends on x' such a result cannot be 
expected). The results that we shall prove, will strongly depend on the form of 
the function g. 

In what follows, we will always assume that the matrix A satisfies the as- 
sumptions already imposed in the previous section. Therefore, we do not write 
explicitly these assumptions anymore. Since we are interested in classical solu- 
tions, we assume that g £ C(K, ). We can consider the 27r-periodic extension of 
xn € (0, 27r) i y g(x', xn)- inside £ we have the expansion 

c (x') °° 

g(x', x N ) = h ^2 ( c m(x') cos (mx N ) + d m (x') sin (mx N )) , 

m—l 

where 

1 ^ 

Cm{x') '■— — I g{x , xn) cos (juxn) dxN Vm > 

If , ^ 
d m (x') := — / g(x' , x n) sin (tuxn) dx n Vm > 1. 
Jo 

Let us define again a m and b m by (7); these are the formal Fourier coefficients 
of u with respect to the xjv-variable in S. We start writing down the equations 
satisfied by a m and b m . 

Lemma 4.1. For any m > it results 

div' ^A(a;')V / a TO (a; / )^ = (m 2 - l) a m {x) + c m {x') + — (u N (x',0) - u N (x',2n)) ; 

(34) 

For any m > 1 it results 

div' (A(x')Vb m (x')j = (m 2 - 1) b m (x') + d m (x') + ™u(x', 2tt). (35) 
Proof. For any m > 1: 

div' (^A(x')V' a m (x')^ — — I div' (^Aix 1 ) 1 ^' u{x' , xn)J cos (mijy) dx^ 



2tt 



(g{x', xn) — u(x' ', xn) — Unn(x' ,xn)) cos (juxn) dxN- 



1G 



Now we can go on with the same computations already developed in Lemma 
2.1, with the only difference that 

— / cos (mxjy) dxjy — while — / g(x', xn) cos (tuxn) dxN — c m (x'). 
n Jo n Jo 

In the end, we obtain 

div' ^A(x')V'a m (a;')^ = (m 2 - l) a m (x') + c m (x') + - (u N (x',0) - u n (x',2tt) . 

The same procedure gives the equations for b m and for ao- □ 

For a quite general g the study of these equations does not give a complete 
classification for the possible solutions of (1). However, in some particular cases 
we can obtain sharp results. This will be the object of the following subsections. 

4.1 Inhomogeneous terms independent of xjy 

The first generalization concerns a constant g. It is straightforward to adapt 
the arguments of the previous sections, obtaining the following result. 

Theorem 4.2. Let N — 2 or 3. If g(x' ,xn) = € K } one of the following 
alternatives occurs: 

(i) if 6 > there exists a unique solution of (1) satisfying (3). This solution 
is given by 

u(x',xn) = 0(1 — cosxn). 
(ii) ifO<0, problem (1) does not admit any solution satisfying (3). 

The next step in the study is to treat the case g = g(x'). If we are interested 
in solutions satisfying (3) and g is not constant, we can show that we do not 
have such a kind of solution at all. 

Theorem 4.3. Let N = 2 or 3, let g = g(x') e C(R N - 1 ). If g is not constant, 
problem (1) does not admit any solution satisfying (3). 

Equivalently, if there exists u E C (R + ) which solves (1) and satisfies (3), then 
g is constant. 

Proof. Assume that g is not constant; the formal Fourier coefficients of g are 

co(x') = 2g(x'), c m (x') = d m (x')=0 Vm > 1. 

By contradiction, let u be a solution of (1) satisfying (3). Since ci = and 
di = 0, equations (34) and (35) for m = 1 are 

div' ^A(x')V' ai (x')^ = - (u N (x',0) -u N (x',2%)) 

div' (A(x')V'bi(x'fj = -u(x',2%). 
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Hence we are in position to follow the proof of Lemma 3.4: a\ and 61 are 
constant, and u(x' , 2ir), un(x', 0), un{x', 2tt) = in R^" 1 . As a consequence, 
equations (34) and (35) become 

div' (A(x')V'a m (x')\ = (to 2 - l) a m (x') 

div' (A(x')V'b m (x')j = (to 2 - 1) b m (x'). 

Therefore Lemma 3.5 applies: a m = b m = for every to > 2, so that 

1 1 \ a o( x ') , , > • 

u(x , xn) — — h ai cosxn + Oi sinijy. 

The boundary condition u(x',0) — implies that cto is constant, but (34) for 
to = yields 

= div' (A(x')V'ao^ = 2g(x') - a , 
a contradiction. □ 

4.2 A 1-D inhomogeneous term 

In this subsection we deal with g = g(xN). In this situation various phenomena 
may occur. Let us start with : 

Non-existence. If g^x^) = suixn, problem (1) does not admit any solution 
satisfying (3). This follows from the following general result. 

Proposition 4.4. Let N = 2 or 3, let g £ C(R + ) and assume that d% > in 
R^ -1 . If there exists a solution u of (1) such that (3) holds true, then d\ = 0. 
b\ is constant, 

u(x',2n)=0 and u N {x',2n)^0 Vx' £ R^ -1 . 

Proof. Let us consider equation (35) for to = 1: since d\ > and u > 0, we 
have 

div' (l(a;')V'6i(x')) = di + -u(x',2%) > 0. 

Due to the boundedness of u in the strip E, b\ is bounded in absolute value. 
Since N — 2 or 3, we can apply Theorem 3.1, obtaining that b\ is constant, 
which in turns gives 

u(x', 2tt) = -di u(x', 2tt) = = di Vx' £ R* -1 , 

because u is nonnegative. Note that necessarily un(x' , 2tt) =0. □ 

Remark 3. The previous Proposition applies not only if g — q(xn)- For 
instance, it gives analogous non-existence results when 

• g{x' , xjy)|s is decreasing in the xn direction [g ^ const.) . 
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• g(x', xn) > g(x', 2ir — xn) for every (x',xn) G M. N 1 x (0, 7r), with strict 
inequality in one point. 

We have a counterpart of the previous statement which rules out the exis- 
tence of solutions of (1) satisfying (3) when g(xjv) = cosxn- 

JV 

Proposition 4.5. Let N = 2 or 3, let g G C(R + ) and assume that d\ = 0, 
ci > in K . // i/iere exists a solution u of (1) such that (3) ZioZds true, 
then c\ = 0, ai is constant, and 

u N (x',0) = W eR N -\ 

Proof. In light of Proposition 4.4, we know that un(x',2it) — 0. Moreover, as 
already observed, from u(x',0) — and u > it follows Ujv(V,0) > 0. Thus, 
considering equation (34) for to = 1, we get 

div' ^(x')V'ai(x')) = ci + -u N (x',0) > 0, 

since c\ > 0. The function ai is bounded in absolute value, hence for Theorem 
3.1 it is constant. Therefore 

ci +UAr(y,0) = => ujv(x',0) = = a Vaj'eR^ -1 . □ 

Existence and multiplicity. For every N > 2, 

ua(x',xn) = xn + AsinxN, A €[—1,1], 

is a one-parameter family of solutions of (1) with g(xpj) — xn; each ua satisfies 
(3). Note that in this case c\ = while d\ < 0, so that the previous Propositions 
do not apply. Note also that ua is unbounded in for every A G [—1,1]. 

Existence, uniqueness and 1-D symmetry. For to > 2, the function 
u(x',xn) = m i_x (1 — cos(toxtv)) is the unique solution, satisfying (3), of prob- 
lem (1) for g(xjv) = m 2 1 _ 1 + cos(toxjv). Furthermore, u has 1-D symmetry. The 
uniqueness result is a consequence of the following general result. 

Theorem 4.6. Let N = 2 or 3, let g G C(K) &e such that 

ci > and di > 0, (36) 

where c m and d m are the Fourier coefficients of the function g in (0, 27r), defined 
by (33). Lf there exists u G C 2 (K + ) which solves problem (1) and satisfies (3), 
i/ien necessarily c± = d± = 0. In f/iis case, i/ie restriction of u to S is 1- 
dimensional and is uniquely determined as the solution of 

—u"(xjsr) = u(xN)—g(xjsr) in (0, 27r) 
u(0) = m(2tt) = (37) 
u'(0) = m'(2tt) = 0. 
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In particular, in X we have 



(+00 \ / +00 

- 1 + E ^?tt cos + Mr ^p—^ 

m=2 / \m=2 

+00 / , 



sin x at 



m=2 



^ I — cos(mx N ) H m sin{mx N ) ) . (38) 

£ — ' > m — 1 m z — 1 ' 



Proof. From Propositions 4.4 and 4.5 we know that, if u exists, then c\ and d\ 
has to be 0; in this case a\ and b\ are constant, and u{x' , 27r), un{x' , 0), 
ujv(^',27r) = in IR^ -1 . Therefore, equations (34) and (35) for m > 2 simplify 
as 

aW ^A(x')V'a m (:r/)^ = (m 2 - l)a m (x') + c m 
div' (^A(x')V'b m (x')) = (m 2 - l)b m (x') + d m , 

i.e. 

- div' (l(x')V (a m { X >) + J^)) + (- 2 - 1) (a m (x') + = 

- d»V (l(x')V + ^y)) + (m 2 1) (W) + = 0. 
We can apply Lemma 3.5, obtaining 

a m (x') = a m = 5—— Vm > 2 

m z — 1 

b m (x') = b m = T^—r Vm > 2. 

— 1 

Now, let us consider in X 
a (x') 



a\ cos x n + fri sin x at 

+00 



f — 9 m - cos(tox at ) H m sin(mx at ) J 

* — ' V to z — 1 m — 1 / 



It is a series of C°° functions which is convergent together with the series of 
the derivates w.r.t. xjy, since the sequences {c m } and {d m } belong to P. In X 
the series is equal to u, and the equality can be extended up to the boundary 
since both the series itself and u are C 1 (E). We also know that u(x',0) = 
and Uat(x',0) = 0. Using the Dirichlet boundary condition we get that ao is 
constant too, and in particular equation (34) for m = implies ao = cq. Now, 
from the " initial" conditions we get the expression of a± and b\ . 
To sum up, we proved that u|s is 1-D, thus a solution of 

—u"(xn) = it(xjv) — 9(xn) for ijv G (0, 27r) 
with the boundary conditions stated in (37). □ 
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As an immediate consequence we obtain 

Theorem 4.7. Let N = 2or3,letg£ C(R) be a 2tt -periodic function satisfying 
(36), where c m and d m are the Fourier coefficients of the function g. If there 

exists u G C 2 (R + ) which solves problem (1) and satisfies (3), then necessarily 
C\ = d\ = 0. In this case, u is 1- dimensional, 2tt -periodic and it is uniquely 
determined as the solution of 

—u"(xN)=u(xN)—g(xN) in (Q,+oo) 
< u(0) = w(2tt) = 
y(0) = u'(2tt) = 0. 

The expression of u in Fourier series is given by (38) . 

In view of the example with g(x?f) — xp? (ci = 0, d\ < 0) we see that the 
assumptions c\ > and d\ > are necessary for Theorem 4.6 and Theorem 
4.7. We also remark that the non- negativity of both c\ and d\ is not sufficient 
to guarantee the existence of a solution of (1) which satisfies (3). Indeed, as an 
immediate consequence of Proposition 4.11 (proved in the next subsection), we 
have non-existence of solutions of (1) satisfying (3) in case 

g{x]y) = C\ sin(ma;jv) or g(xjv) = Ci cos(mxjv) m > 2, Ct, C2 G M. 

Note that ci = di = in the above examples. 

Another class of functions <? for which there is non existence is considered in 
the next result, of independent interest, 

Proposition 4.8. Let N > 2. If g < and it is non-constant, then a nonneg- 
ative solution of (1) has to be positive. In particular, if N = 2,3 and d\ > 0, 
then problem (1) does not admit any solution satisfying (3). 

Proof. By the strong maximum principle u must be positive in . Since 
di > 0, if a solution u existed, from Proposition 4.4 it should satisfy u(x', 2tt) = 
for every x' G R N_1 . A contradiction. □ 

A typical example is given by the function g(x^) = —8 — cosxn, with 9 > 1. 
Note that c\ < and d\ = in this example. 

4.3 General inhomogeneous terms 

In this subsection we will consider g-s depending on both x' and xn- As before, 
we will denote by c m and d m the Fourier coefficient of the 27r-periodic extension 
of xn G (0, 2ir) \-t g(x', xn). 

We have always begun our analysis trying to prove that 

u(x',2n)=0 and u N (x',0) = in R N_1 . (39) 
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As a consequence, equations (34) and (35) are considerably simplified, since all 
the boundary terms have to vanish identically: 

div' {A{x')V'a m {x')^ = (m 2 - l) a m (x') + c m (x') 

div' (A(x')V'b m (x')^j = (m 2 - l) b m {x') + d m (x'). 

We have already observed that, if N — 2 or 3, sufficient conditions in order to 
obtain (39) are c\ > and di > 0. 

In general (for every N > 2), assume that (39) holds true. Assume also that 
there exists m > 2 such that c™ = 0. Then 

div' (l(x')Va™(x')) = (m 2 - 1) a m (x'), 

which is of type (31) with A > 0. From Lemma 3.5 it follows a^ = 0. The same 
holds true for every b 7fl such that dfn = 0. We point out that this is true even 
for N > 3. 

Proposition 4.9. Let N > 2, let g e C(M^), let u be a solution of (1) satisfying 
(3), and let a m and b m be its formal Fourier coefficients in E defined by (7); 
assume that (39) holds true. Then for every m > 2 suc/i that c m = it results 
a m = 0, and for every m > 2 smc/i i/iai d m = it results b m = 0. 

As far as the coefficient ao is concerned, we have a similar result, but only 
in low dimension. 

Proposition 4.10. Let N = 2 or 3, let g G C(M + ), let u be a solution of (1) 
satisfying (3), and Zei a m and b rn be its formal Fourier coefficients defined by 
(7); assume that (39) holds true. If Co < ; £/ien ao = co = 0. 

Proof. Since u > 0, equation (34) for m = is 

diu' (l(x')Vao(a;')) = -ao(x') + c (x') < in l^ 1 . 
Since ao is bounded and N = 2 or 3, for Theorem 3.1 ao is constant. But then 

= div' (A(x')V'a (x'fj = -a + c . 
Thus, < a = c < 0. □ 

In what follows we first consider 

g(x',x N ) = f(x')<p(x N ) eC(K+), g^0. 

In the expansion of the 27r-periodic extension of xn E (0, 2ir) h- » g(x',XN), the 
Fourier coefficients are 

Cm (a:') = f{x')lm Vto > 0, d m (x') = f(x')6 m Vto > 1, 

where 7 m and (5 m are the (constant) Fourier coefficients of the 27r-periodic ex- 
tension of xn E (0,27r) m- <p(xn)- 
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Remark 4. Let N — 2 or 3. In light of Propositions 4.4 and 4.5, we know that 
if f(x')Si > 0, f{x')8\ ^ 0, then there are no solutions of (1) satisfying (3). 
The same holds true if f(x')-fi > 0, f{x')-fi ^ and Si — 0. 

If N = 2 or 3 and 71 = S± = 0, from Propositions 4.4 and 4.5 we know 
that di and 61 are constant and (39) holds true. Hence, equations (34) and (35) 
simplify as 

div' (^A(x')V 'a m J = (to 2 - l)a m + f(x')lm Vm ^ 1, 
div ^A(x')V'fe m ^ = (m 2 — l)b m + f(x')S m Vto > 2. 

It is not difficult to obtain the following non-existence result. 

Proposition 4.11. Let N — 2 or 3, let g e C(l + ) and assume 

g(x' ', x N ) = f{x') cos(mx N ) or g(x' ', x N ) = f(x') su\(mx N ), 

where to > 2 and f is not identically 0. Then there are no solutions of (1) 
satisfying (3). 

Proof. Let us first consider the case g(x' ', xn) = f{%') sin(mxN)- By contradic- 
tion, let u be a solution of (1) satisfying (3). Applying Propositions 4.4, 4.5, 
4.9 and 4.10, we obtain the following particular form for u in E: 

u(x' , xn) = ai cosxn + b\ sin a; at + b m (x') sin (toxjv). 

Since un(x',0) = 0, we deduce that b m = — — is constant. On the other hand 
it is a solution of 

= div' (2(x')V'fe m ) = (to 2 - l)b m + f{x'); 

thus / must be constant, that is f(x') = f = 8 G M \ {0}. But in this case, 
imposing the initial condition u(x',0) = we would obtain a x = and conse- 
quently 

Q 

u{x' , xn) = — 5 (msinxN — sm(mxN)) , 

to — 1 

which does not satisfy (3) because it assumes negative values (it is odd, 2n- 
periodic and not identically zero). 

When g{x' ,xn) — f(x') cos(toxat), we can argue as before to find that u has 
the form : 

u(x',xn) = 0,1 cosxn + b\ sinxjv + a m (x!) cos (mxjv)- 

The boundary condition un{x',0) = implies b\ = 0, while we get a m (x') = 
—ai = const, from u(x' , 0) = 0. Hence = (to 2 — l)a m + f(x') and so f(x') = 
f = 9 e R \ {0}. Finally u has the form 

u(x', xn) = — 5 (cos(xn) — cos(mxN)) ■ 

m z — 1 

Observe that < u(x' , ^) = -J-^ (cos(f^) - l) implies 9 < 0, while < 
u (x', ^) = ^Iry (cos(^) + 1) yields 9 > 0. A contradiction. □ 
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More in general, the same proof yields 
Proposition 4.12. Let N = 2 or 3, let g e C(R + ) and assume 

g(x' , Xjv) = - + c m (x') cos(TOa;Ar) + sin(nxAr) 

or g{x' ,xn) = c„ (x') cos(toie at) + c?„(a;') sin(nxAr), 

where I\,l2 C (N \ {0, 1}) are finite sets, n > 2, fh € (N \ {1}) and d R , c l7l are 
no£ identically constant. Then there are no solutions of (1) satisfying (3). 

In what follows we set N — 2 or 3 and we show that it is possible to use the 
method of the Fourier coefficients in order to obtain a complete classification 
when ci = d\ = and only a finite number of the Fourier coefficients of g are 
not identically zero. 

Let 

g{x' ,Xn) = — ^ ^ Cm ( x ') c °s(™£a0 + d n (x') sm(nx N ), (40) 

where l\ = {roi,...,rojt 1 },/2 = {^ii---)^fe 2 } C (N\{0, 1}). As far as co 
is concerned, it can be identically or not. Only to fix our minds, we assume 
Cq(x') ^ 0; furthermore, for the sake of simplicity, we suppose that Co, c m . , d n . £ 

In what follows we will show that, if there exists u £ C 2 (R + ) which solves (1) for 
this particular g and satisfies (3), then we can determine the explicit expression 
ofu. 

Note that, since c% = d\ = 0, Propositions 4.4 and 4.5 imply that a\ and b\ are 
constant, and (39) holds true; thus, by Proposition 4.9 we obtain 

i ' \ a o( x ') , , > • 

u(x , xn) = — h a>i cosxn + Oi smijv 

fcl k 2 

+ a mj (a/) cos(rrijX N ) + (a:') sin(rija;jv), 

3=1 3=1 

in S, where ao,a mj and 6 Mi are solutions of 

oW (l(x')V'ao(x')) = -ao(x') + c a {x') (41) 
aV (A(x')Va mj (x')) = (m| - l)a m , (*') + c mj (a:') (42) 
div' (A(x')Vb nj (a/)) = in) - !)&„. (a/) + d„ 3 (a/). (43) 
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Propositions 4.11 and 4.12 imply that, if there exists a unique m 6 N\ {1} such 
that c m ^ and is not constant, or if there exists a unique m > 2 such that 
d rn ^ and is not constant, then a solution of (1) satisfying (3) does not exist. 
If we are not in this situation and such a solution exists, this system of PDEs 
(or ODEs UN — 2), together with the boundary conditions u(x',0) — and 
Un(x',0) = permits to deduce the explicit expression of ao,a mj and b n . . We 
start observing that the boundary condition it(x',0) = involves only ao and 
a m . , while un(x',0) = involves the b nj . Thus, we can consider the system 
of ki + 2 equations given by u(x',0) = together with (41) and (42); the 
unknowns are the functions ao and a m . , while we consider a\ as a parameter; 
from u(x', 0) = 0we get 



fci 



ao(x') 



-2ai - 2 a m . (a;'); 



(44) 



As a consequence 

fci 

dw' (A(x')V'a (x')) = -2^dw' (l(x') V'a mj . (x')J 



i=i 



and 



fci 



-a (x') + cq(x') = 2ai + 2^a mj (x') + c (x'), 

so that equation (41) gives 

Y^div 1 (A{x')V'a mj (x')) = -a x -£> TOj (x') - 

We plug (42) for j > 1 on the left hand side: 

fci fci 



[(™| - i)a mj - (»') + c mj (x')] = - X! 



Cq(x') 



i.e. 



^mi (*£ ) o 

mf 



-a x - f(x') - Y m jS ( x> ) 

J=2 



(45) 



where f(x') = cq(x')/2 + J2jLi c m,j (x')- Note that now equation (45) together 
with (42) for j > 2 is a system of fci + 1 equations in the unknowns a mj but 
without a Q . If we can solve it, we can recover ao using the (44). 
We can iterate the same argument: from (45) we have 



div' (A{x')Va mi {x') 



Kl 

-div' (2(x')V7(x')J -J^m^div' ( A(x')V'a mj (x') 



i=2 
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(this is why we required the c m . smooth) and 
(mf - l)a mi (x 1 ) + c mi (x 1 ) 

2 i fci 
= — -ai - / (a; ) - 2^ Wja mj (x ) 

L j=2 

equation (42) for j = 1 gives 

fci 

- dtt>' (l(x')V'/(x')) -^rn^div' (a{x')V a m] {x') 



fci 



-(mf - l)ai - (to 2 - l)J(x') - (mf - 1) ^ m|a mj (V) + mf c mi (a/), 

j=2 



i.e. 



fl)ll2 (^ ) 



m 2( m 2 — m l) 



(mf - l)ai - A(x') - X! TO i( m j ~ m i) a m 3 ( a; ') 
i=3 



(46) 



where 

ft! 

/l(x') = -div' (l{x')Vf{x')) -Y J m ] C m j { X ') ~ Cmi- 

i=2 

Equation (46) together with (42) for j > 2 is a system of fci equations in the 
unknowns a m . for j > 2, but without ao and a TOl . If we can solve it, we can 
recover a mi using the (45), and then ao using the (44). 

Iterating the procedure k\ + 2 times (here we have to assume k\ finite), we 
obtain a mfci as function of the Fourier coefficients of the g (note that the more 
fci is large the more we have to require the c mj -s smooth), and successively the 
others a mj . Note that ao and a mj are functions of a± . 

The same procedure works for the coefficients b n .-s, starting from un(x', 0) = 0. 
In the end we get the explicit expression of u in function of the two "parameters" 
ai and b±. At this point it is sufficient to impose that u solves the considered 
differential equation to determine a± and b\. 

Let us see the iterative procedure in action with an example: let N — 2 and 



g(x, v) = 



-4- 



(1 + x 2 ) 2 (I + x 2 ) 2 
2 x 



(1 + X 2 ) 2 (I+X 2 ) 2 



arctanx + (arctanx) 2 
arctanx + 3(arctanx) 2 ) cos(2y) 



c (x) 



+ c 2 (x)cos(2y). (47) 
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Proposition 4.13. There is a unique solution of 

-Am = u — g in 

u(x,Q) (4S) 
u satisfies (3), 

whose explicit expression is 

u(x,y) = (arctanx) 2 (1 — cos(2y)) . 

Proof. Due to the form of g we know that if u solves (48) then 

u ( x >y) = + ai cosy + ^i sin 2/ + a 2{x) cos(2y), (49) 

with u y (x, 0) = (Lemma 3.4 and Proposition 4.9). Thus b\ — 0. As far as ao 
and a2 is concerned, they solve 

a o( x ) = ~ a o(x) + co(x) (50) 
a'^ix) = 3ci2(cc) + C2(x). (51) 

From u(x, 0) = we deduce 

a (x) = -2ax -2a 2 (x). (52) 

Hence (50) gives 

a 2 (x) = -ai - a 2 {x) — ; 

we plug (51) on the left hand side, obtaining 

«*(*) - " ^ - T = ^tan,) 2 " T' (53) 



and consequently from (52) 

. . co(x) czix) 3 , \2 3 , . 

oo(x) = — 1 -ai = 2 (arctanx) - -a x . (54) 

Note that it is sufficient to substitute the explicit expressions of cq and ci (which 
are given by g) in order to get ao and a 2l and no integration is required. 
So far, we proved that a solution of (48) is of type 

u ai (x,y) — (arctanz) 2 (1 — cos(2y)) — j- (3 — 4 cosy + cos(2y)) 
= (arctanrr) 2 (1 — cos(2y)) ^- (1 — cosy) 2 , 

which is non negative if and only if a\ < 0. It is straightforward to check that 
u ai solves (48) only if a\ — 0. □ 
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Remark 5. For a generic g of the form (40), the iterative procedure we in- 
troduced above can be used as a test in order to check if (48) has at least one 
solution satisfying (3). 

For instance it is immediate to check that (48) with 

g{x, y) = cos(2x) + sin(3x) cos(2y), 

has not a solution satisfying (3). Indeed, if such a solution existed, then its 
explicit expression would be (49) with clq and a 2 given by 

/ \ Co (a;) , c 2 (x) 3 c (x) c 2 (x) ai 

clq(x) = ai a 2 (x) = . 

UVy 4 2 2 V ' 8 4 4' 

(cf. (54) and (53)) where cq(x) = 2cos(2x) and c 2 (x) = sin(3x); but + 
a\ cos(y) + a 2 (x) cos(2y) is not a solution of — Au — u — g. 

Last but not least, we also remark that if Ai,...,A/s are nonnegative real 
numbers and u\, Uk are solutions of (48) with g — gj, j — 1, k, then the 

function u = Y^j=i ^j u j 1S a solution of (48) with g — Ylj=i ^j9j- Thus, com- 
bining in a suitable way the examples considered before, we can construct many 
other functions g for which we have existence and uniqueness of the solution or 
existence and multiplicity of the solutions. 
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